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Abstract
Using a gauge symmetry derived by applying the Dirac constraint formalism to supergrav-
ity with a cosmological term in 2 + 1 dimensions, we construct a gauge theory with many
characteristics of Yang-Mills theory. The gauge transformation mixes two Bosonic fields and
one Fermionic field.
In 2+1 dimensions, the Einstein-Cartan action takes the form of a topological field theory [1,2].
S1 =
∫
d3xǫµνλbiµRνλi (1)
where
Rνλi = ∂µwνi − ∂νwµi − ǫijkw
j
µw
k
ν (2)
with biµ and w
i
µ being independent fields.
We can supplement S1 with a term S2 that involves a Majorana field ψµ [3]
S2 =
∫
d3xǫµνλψµDνψλ (3)
where
Dµ = ∂µ +
i
2
γiwµi. (4)
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1
The application of the Dirac constraint analysis to S1 + S2 results in a set of first and second class
constraints; when the method of Henneaux-Teitelboim and Zanelli (HTZ) [4] is then applied, it is
found that S1 + S2 is invariant under a set of gauge transformations that mix b
i
µ, w
i
µ and ψµ that
is distinct from the usual supergravity gauge transformations [5]. These transformations do not
require introduction of auxiliary fields or imposition of the equations of motion in order to close.
We now can supplement S1 + S2 with “cosmological constant” terms
SK =
∫
d3xǫµνλ
(
Λ
3
ǫijkb
i
µb
j
νb
k
λ +
iK
2
ψµb
i
νγiψλ
)
. (5)
In ref. [6] the Dirac constraint analyse when supplemented by the HTZ procedure shows that
S = S1 + S2 + SK is invariant under the gauge transformation
δbiµ = ∂µAi + ǫipjB
pbjµ + ǫipjA
pwjµ +
i
2
Cγiψµ (6a)
δwiµ = ∂µBi +K
2ǫipjA
pbjµ + ǫipjB
pwjµ +
iK
2
Cγiψµ (6b)
δψµ = ∂µC +
iK
2
γjb
j
µC +
i
2
γjw
j
µC −
i
2
γj(K A
j +Bj)ψµ (6c)
provided that in eq. (5)
Λ = −K2. (7)
(A misprint in ref. [6] is corrected in eq. (6).) In eq. (6), Ai and Bi are Bosonic gauge functions
and C is a Fermionic Majorana spinor gauge function.
If (Ai1, B
i
1, C1) and (A
i
2, B
i
2, C2) are gauge functions associated with gauge transformations δ1
and δ2, then from eq. (6) it follows that δ1δ2 − δ2δ1 is itself a gauge transformation of the form of
eq. (6) with gauge functions
Ai = ǫijk
(
B
j
1A
k
2 + A
j
1B
k
2
)
+
i
2
C1γiC2 (8a)
Bi = ǫijk
(
K2A
j
1A
k
2 +B
j
1B
k
2
)
+
iK
2
C1γiC2 (8b)
C =
iK
2
A
j
2γjC1 +
i
2
B
j
2γjC1 −
iK
2
A
j
1γjC2 −
i
2
B
j
1γjC2 (8c)
in place of Ai, Bi and C.
If now we were to write eq. (6) in the form
δΦµ = ∂µΘ+ V
∼µ
(Φµ)Θ (9)
where
Φµ =


biµ
wiµ
ψµ

 (10a)
Θ =


Ai
Bi
C

 (10b)
and
V
∼µ
(Φµ) =


−ǫipjw
p
µ −ǫipjb
p
µ −
i
2
ψµγi
−K2ǫipjb
p
µ −ǫipjw
p
µ −
iK
2
ψµγi
−
iK
2
γjψµ −
i
2
γjψµ
i
2
γp
(
Kbpµ + w
p
µ
)

 (11)
then eq. (9) has the form of gauge transformation in Yang-Mills theory. To see this, we write eq.
(6) as
δΦµ = ∂µΘ+ Ω
∼
(Θ)Φµ (12)
where
Ω
∼
(Θ) =


ǫipjB
p ǫipjA
p i
2
Cγi
K2ǫipjA
p ǫipjB
p iK
2
Cγi
iK
2
γjC
i
2
γjC −
i
2
γp (KA
p +Bp)

 (13)
and then note that eq. (6) can be written as
δV
∼µ
(Θ) = −∂µΩ
∼
(Θ)−
[
Ω
∼
, (Θ), V
∼µ
(Θ)
]
. (14)
Eq. (14) has the form of a gauge transformation in Yang-Mills theory and so we can define a “field
strength”
F
∼ µν
(Φ) = ∂µV
∼ ν
(Φ)− ∂νV
∼µ
(Φ) +
[
V
∼µ
(Φ), V
∼ ν
(Φ)
]
(15)
which under the gauge transformation of eq. (6) transforms as
δF
∼ µν
= −
[
Ω
∼
,F
∼ µν
]
. (16)
From eqs. (11,15) we see that the entries in Fµν are[
(Fµν)ij
]
11
= −ǫipj
(
∂µw
p
ν − ∂νw
p
µ
)
+ (wjµwiν − wjνwiµ) (17a)
+K2 (bjµbiν − bjνbiµ)−
i
2
ǫijkψµγ
kψν
=
[
(Fµν)ij
]
22
(17b)
[(Fµν)]33 =
iγp
2
[
K
(
∂µb
p
ν − ∂νb
p
µ
)
+
(
∂µw
p
ν − ∂νw
p
µ
)]
(17c)
+
[
K
2
ψµγpψµ −
i
2
ǫmnp
(
Kbmµ + w
m
µ
)
(Kbnν + w
n
ν )
]
γp
[
(Fµν)ij
]
12
= −ǫipj
(
∂µb
p
ν − ∂νb
p
µ
)
+ (wjµbiν − wjνbiµ) (17d)
+ (bjµwiν − bjνwiµ)−
i
2
ǫijkψµγ
kψν[
(Fµν)ij
]
21
= K2
[
(Fµν)ij
]
12
(17e)
[
(Fµν)i
]
13
=
1
4
[
ψµ (Kbiν + wiν)− ψν (Kbiµ + wiµ) (17f)
+ iǫipq
(
ψν
(
Kbpµ + w
p
µ
)
− ψµ (Kb
p
ν + w
p
ν)
)
γq
]
[
(Fµν)j
]
32
=
K
4
[
(Kbjµ + wjµ)ψν − (Kbjν + wjν)ψµ (17g)
+ iǫpqjγ
p
(
(Kbqν + w
q
ν)ψµ −
(
Kbqµ + w
q
µ
)
ψν
) ]
[
(Fµν)j
]
31
= K
[
(Fµν)j
]
32
(17h)
[
(Fµν)i
]
23
= K
[
(Fµν)i
]
13
. (17i)
An action that is invariant under the gauge transformation of eq. (6) (or alternatively, eq. (12))
is
SΦ = −
1
4
∫
dnxStr
(
F
∼ µν
(Φ)F
∼
µν(Φ)
)
. (18)
If eq. (17) is used to express SΦ in terms of the two vectors b
i
µ, w
i
µ and the spinor ψµ, one is left
with an exceedingly complicated expression that would make calculation of radiative effects quite
difficult. An alternative is to use a first order form for SΦ,
S˜Φ =
∫
dnx
(
−
1
2
Str
(
F
∼ µν
(Φ)F
∼
µν
)
+
1
4
Str
(
F
∼µν
F
∼
µν
))
(19)
where F
∼µν
and Φµ are treated as independent fields. In eq. (19), all vertices are at most cubic in
the fields and independent of momenta. The use of such a first order Lagrangian also simplifies
calculations in Yang-Mills theory [7].
In eqs. (1,3,5) it is evident that the Greek indices µ, ν, λ are vector indices in a 2+1 dimensional
space. However, in eq. (18), these indices need not be so restricted; they can be in an n-dimensional
space (including 3 + 1 dimensions).
However, the Latin indices i, j, etc. are still restricted to being in 2 + 1 dimensions with the
space ψµ being a two component Majorana spinor. It would be interesting to see if this restriction
could be relaxed. Going from 2 + 1 to 3 + 0 dimensions does not appear to be feasible as it is
not possible to have a Majorana spinor in 3 + 0 dimensions, and having two symplectic Majorana
spinors satisfying ψ1µ = ψ2cµ , ψ2µ = −ψ1cµ does not appear to be compatible with any modification
of eq. (6) that is consistent with an analogue of eq. (8).
It would also be of interest to couple matter fields to the gauge fields Φµ and to determine if
divergences arising in radiative effects could be removed through renormalization.
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Appendix-Notation
We use the metric η00 = −η11 = −η22 = 1, and have ǫ012 = 1. Dirac matrices are imaginary,
γ0 = σ2, γ
1 = iσ3, γ
2 = iσ, with
γ1γj = ηij + iǫijkγk (A.1)
and
(γi)ab(γi)cd = −
1
2
(γi)ad(γi)cb +
3
2
δadδcb. (A.2)
We impose the Majorana condition on spinors so that
ψ = −γ0ψ
T
= ψ∗ (ψ ≡ ψ+γ0) (A.3)
which leads to
ψχ = χψ, ψγiχ = −χγiψ. (A.4)
